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Chaos in nucleate boiling––nonlinear analysis and modelling
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Abstract

The artificial surfaces are applied to study the pool boiling features, including the surface temperature fluctuation

and nucleation sites interaction. The nonlinear analysis of temperature fluctuation has been carried out. Under the

single nucleation site the low dimensional deterministic chaos has been observed. It has been found that the thermal

interaction between two nucleation sites decreases and the hydrodynamic interaction increases the frequency of bubble

departure. It has been also found out that hydrodynamic interaction makes that the process of bubbles departure

becomes more predictable. To explain the mechanism of deterministic chaos appearance the simple model of heat

transfer under the nucleation sites has been presented. The obtained results of simulations show that the nonlinearity

introduced to heat transfer as a result of changing in time the heat flux absorbed by bubbles leads to chaotic changes of

heating surface temperature at nucleation site. The model has been used to analyse the behavior of thermal interaction

between nucleation sites with chaotically departing bubbles. The results obtained from simulation explain experimental

results.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Despite of the extensive study of boiling during the

past over fifty years, the underlying mechanisms of nu-

cleate boiling are still far from being fully understood

due to the extreme complexity of the phenomena. In

boiling phenomena, not a small number of sub-processes

may involve and their mutual interactions are compli-

cated and of nonlinear nature. Among the sub-pro-

cesses, the most important one may be the nucleation

site problem [1]. In this case two behaviors play im-

portant role in understanding the nucleation site prob-

lem. The first one is connected with mutual interaction

between the bubbles and heating surface. The second
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one is connected with interaction of neighbouring nu-

cleation site. Interacting bubbles create a complex dy-

namical system which includes such processes as: heat

transfer (in liquid, between bubble and heating surface),

phase changes, different kind of bubbles coalescence,

contact behaviors and liquid flow around the bubble. All

these processes are mutually connected, therefore the

complexity level of system is very high.

The structure of actual heater surface is very com-

plicated and there exists many nucleation cavities with

various shapes and sizes. Moreover, we have unfortu-

nately no useful measure to rigorously capture such

surface property. This is the main reason why we have

had limited success in mechanistic modelling of boiling.

So the one possible approach to solve this problem is to

simplify the boiling surface as far as possible in order to

clarify the underlying mechanisms. In recent years, the

technique of micromachining has markedly advanced in

accordance with the advancement of electronic devices

and microtechnologies and it is now possible to produce

a smooth surface with only prescribed cavities. At the

same time, it may also be useful to apply together
ed.
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Nomenclature

A coefficient equal to 1=Fo
a, b, d constant

c specific heat capacity

C correlation coefficient

D dimension

d distance in phase space

f function

Fo Fourier number

L largest Lyapunov exponent

N number of points

q heat flux

T temperature

t time

X experimental data

Greek symbols

H Heaviside’s step function

d size of element of heating surface

k thermal conductivity

r standard deviation

q density

Subscripts

1,2 number of coefficient

c crossing point

F, B, L, R neighbouring elements

i considered element, number of reference

points

j number of points

q parameter

Superscript

k iteration number

Fig. 1. Experimental apparatus.
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recently advanced nonlinear chaos dynamics for the

data analysis to make clear the underlying complex dy-

namics.

By applying the artificial boiling surfaces, some re-

searchers have already investigated the boiling heat

transfer characteristics, the bubble behaviors and the

surface temperature fluctuation. Qiu and Dhir [2] stud-

ied the growth and detachment mechanisms of a single

bubble on a heated silicon surface with an artificial

cavity of 10 lm in diameter and 100 lm in depth. Bubble

growth time, bubble size and shape were measured from

nucleation to departure under sub-cooled and saturation

conditions. Takagi and Shoji [9], Ellepola and Kenning

[10] and Kenning and Yan [15] also analysed the non-

linear dynamic of bubble growth in artificial cavities. On

the other hand, the relation between the bubble behav-

iors and the cavity spacing, S=D, has been studied ex-

perimentally by Chekanov [3], Calka and Judd [4],

Gjerke�ss and Golobic [5]. Several authors have studied

the heat transfer characteristics of the artificial boiling

surfaces with multiple cavities aiming applications to the

cooling of highly integrated electronic devices [6,7].

Recently, by employing twin cavities, Zhang and Shoji

[8] have investigated the mechanism of nucleation sites

interaction.

In the paper the nonlinear analysis of temperature

fluctuation under the artificial nucleation sites has been

carried out. The simple model of generation of chaotic

changes of heating surface temperature has been pre-

sented. The model has been used to explain the mecha-

nism of deterministic chaos generation and to investigate

the nature of thermal interaction between the nucleation

sites.
2. Experimental setup

A 15 mm · 15 mm and 200 lm thick silicon disk with

artificial nucleation sites was set as a test boiling surface

inside the chamber filled with distilled water. Schematic

view of the whole experimental setup is shown in Fig. 1.

In the experiment, vicinity of the manufactured cavity

was heated by Nd–YAG laser irradiation (wavelength:

1064 nm) from the bottom side of the test disk. The size

of laser spot was 12 mm in diameter. The bottom surface

of the disk was black oxide finished in order to improve
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absorptivity of the input laser and emissivity from the

surface. Temperature fluctuation just under the artificial

cavity were recorded by radiation thermometer with

spatial resolution of 120 lm, temperature resolution of

0.08 K and time resolution of 3.0 ms. The corresponding

bubbling status was recorded by high-speed video cam-

era with the rate of 1297 frames/s. In this way, it was

possible to measure temperature time series of cavity

vicinity without any physical contact to the disk surface.

The power of Nd–YAG laser was controlled to vary the

heat input to the disk surface and was monitored by

photo detector throughout the experiment. Working

fluid was distilled water at atmospheric pressure under

saturated pool boiling condition. Acrylic fence was set

inside the chamber to avoid effect of bubbling from

auxiliary heater, which was activated during the exper-

iment to maintain saturated boiling condition.
3. Single nucleation site

The identification of mechanism of nucleation sites

interaction is possible after understanding the dynamic

of bubbles interaction with the heating surface. As it has

been shown by Shoji et al. [18] we can distinguish at least

two mechanisms of bubbles interaction with heating

surface. The first one is connected with direct heat

transfer between the subsequent bubbles and heating

surface under the nucleation site. The other one is con-

nected with heat transfer between the heating surface

around the nucleation site and liquid flow induced by

subsequent departing bubbles. The first mechanism is

characterized by low number of freedom degree, there-

fore it is useful for understanding the changes of dy-

namic of bubbles departure caused by nucleation sites

interaction.
Fig. 2. Subsequent stages of bubble growth. The time between the pi

departure.
For analysing the behavior of single nucleation site a

silicon plate with cylindrical nucleation site was applied

as a test surface. The nucleation site of 10 lm in dia-

meter and 80 lm in depth was used because in this kind

of nucleation site the low dimensional dynamic of tem-

perature changes is observed [18]. In the experiment the

heat supplied to the heating surface was enough to ob-

tain such a regime of bubbles departure in which the

bubbles were departing from the nucleation site without

waiting time between the subsequent bubbles. In this

case after the bubble departure the new bubble starts to

grow immediately. In considered case the temperature

changes under the nucleation site are directly connected

with changes in time of the heat flux absorbed by sub-

sequent bubbles. A convection process does not influ-

ence on heat transfer at nucleation site. The example of

bubble growth and its departure has been shown in

Fig. 2 where subsequent frames of video taken in time

interval equal to 1/1297 s have been shown. In Fig. 2a it

has been shown the end phase of bubble departure and

in Fig. 2b the initial phase of a rapid bubble growth.

The example of temperature changes at the nucle-

ation site has been shown in Fig. 3.

The dynamic of temperature changes at the nucle-

ation site is complex, it depends on temperature of

heating surface, the shape of nucleation site [18] and

conditions around the bubbles. The example of 3D at-

tractor reconstruction from temperature fluctuation at

the single nucleation site has been shown in Fig. 4. The

structure of attractors suggests that subsequent depart-

ing bubbles create some kind of chaotic thermal oscil-

lator. The temperature changes create the triangle shape

of attractor trajectories in phase space. During the

bubble departure the temperature at nucleation site os-

cillates. The temperature increases when the heat sup-

plied to heating surface is greater than the heat absorbed
ctures is equal to 1/1297 s. (a) rapid bubble growth, (b) bubble



Fig. 3. Temperature changes under the cavity in three value of

q.

Fig. 4. The 3D attractor reconstruction from the temperature

fluctuation under the single cavity. (a) q ¼ 28:4 kW/m2, time

delay 0.026 s, (b) q ¼ 34:4 kW/m2, time delay 0.023 s, (c)

q ¼ 47:3 kW/m2, time delay 0.023 s.

Fig. 5. The return map of maximum and minimum tempera-

ture of heating surface for q ¼ 34:4 kW/m2. (a) for long time

series, (b) for short time series.
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by boiling liquid and when the heat absorbed from the

heating surface is greater than the heat delivered to

heating surface the temperature decreases. The changes

in time of heat flux absorbed by bubbles introduce the

nonlinearity into the process of heat transfer between

the heating surface and subsequent bubbles.

The correlation dimension of attractor shown in

Fig. 4c is equal to 3.7 and the largest Lyapunov expo-

nent is equal to 32 bit/s. The value the largest Lyapunov

exponent corresponds to the frequency of bubbles de-

parture. It means that the process of stability loss occurs

approximately in time interval equal to average time

interval of single bubble growth. Therefore we can

conclude that the process of heat transfer between the

heating surface and a single bubble is unstable. This lack
of stability leads to deterministic chaos appearance in

the temperature time series at nucleation site.

During the subsequent bubbles departure the maxi-

mum and minimum values of temperature under nu-

cleation site depend on intensity of heating the silicon

surface by laser ray and the intensity of cooling the sil-

icon surface by bubbles. The moments for which the

temperature reaches maximum or minimum values di-

vide the time series of temperature changes into sub-

sequent time periods. The temperature at the end of each

time interval is an indicator of heat transfer within each

time interval.

In Fig. 5a it has been shown the chart Tkþ1ðTkÞ from
time series that consists of maximum and minimum

values of temperature at the single nucleation site for

long time series. The noise existing in the system causes

that it is difficult to recognize in Fig. 5a the relations

between the Tkþ1 and Tk . In Fig. 5b it has been shown the

chart Tkþ1ðTkÞ constructed basing on the short time series

of maximum and minimum values of temperature at the

single nucleation site. The result allows us to conclude

that during the subsequent bubbles departures the tem-

perature oscillates between two groups of points. In our

opinion the short time series seem to be less sensitive to

boundary condition changes around the nucleation site

therefore the dynamic of direct interaction between the
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subsequent bubbles and heating surface can be recog-

nized.
Fig. 7. 3D attractors reconstruction from the temperature

fluctuation under a nucleation site, q ¼ 26:5 kW/m2, time delay

0.023 s. (a) Twin nucleation sites distance equal to S=D � 0:3.

(b) Twin nucleation sites distance equal to S=D � 0:75. (c) Twin

nucleation sites distance S=D � 1:2. (d) Twin nucleation sites

distance equal to S=D � 1:75.
4. Nucleation sites interaction

To investigate the nucleation sites interaction, the

silicon surface with twin cylindrical nucleation sites was

used. The nucleation sites of 10 lm in diameter and 80

lm in depth was applied. The spacing, S, between two

nucleation sites, was changed from 1 to 8 mm. As the

size of the departing bubble without interference, D, was
approximately 2.4 mm in diameter, the spacing em-

ployed corresponds to the spacing-to-bubble diameter

ratio, S=D, from 0.3 to 3.3.

The existence of neighbouring nucleation site makes

that the temperature changes become more complex in

comparison with the temperature changes at the single

nucleation site. In Fig. 6 it has been shown the example

of the temperature changes at nucleation site when in its

neighbourhood there is, in distance of 2 mm, another

nucleation site. A black line over the t-axis shows the

average time interval of bubble growth.

The attractor reconstruction from the temperature

changes allows us to identify the nature of processes

responsible for increase in the complexity of temperature

changes. Fig. 7 shows the 3D attractor reconstruction

from the temperature at the nucleation site for different

distances between neighbouring nucleation sites. Under

the single nucleation site the attractor has a triangle

shape shown in Fig. 4. When the distance between the

nucleation sites increases the shape of one of sections of

attractor is also similar to a triangle but in the direction

perpendicular to this section the shape becomes more

complex. It is possible to notice this change in Fig. 7a

and d.

The triangle shape of attractor and its modification is

created by different kind of temperature changes. In Fig.

6 two characteristic kinds of temperature changes have

been marked. In the first area marked with a number

‘‘1’’ the temperature changes occur with relatively less

amplitude compared with temperature changes in the

area ‘‘2’’. Because the temperature changes in area ‘‘2’’

occur rarelier than in the area ‘‘1’’ therefore the part of

attractor at lower density of points is created by tem-
Fig. 6. Temperature changes under a nucleation site. Twin

nucleation site distance equal to 2 mm, q ¼ 26:5 kW/m2.
perature changes shown in the area ‘‘2’’. This kind of

modification of attractors shape occurs in attractors

shown in Fig. 7a–c for 0:3 < S=D < 1:2. But one of

section of high density area of attractors (Fig. 7a–c) is

still similar to a triangle like in case of single nucleation

site (Fig. 4). It suggests that the character of temperature

changes in the area ‘‘1’’ is similar to the temperature

changes occurring under the single nucleation site. The

existence of neighbouring nucleation site modifies the

temperature time series adding the disturbance shown

in area 2 in Fig. 6. This kind of disturbances increases

attractor complexity.

The dimension spectrum Dq is one of the essential

characteristics of attractors, it allows us to identify the

structure of attractors, especially the level of complexity

of attractor versus attractor points density. It is defined

by the following expression [11,14,16]:

Dq ¼ lim
l!0

1

ln d
lnCqðdÞ ð1Þ

where

CqðdÞ ¼ 1

N

X
i

1

N

X
j

H d
� 2

4 � jXi � Xjj
�!q�1

3
5

1=q�1

ð2Þ

H, Heaviside’s step function that determines the number

of attractor’s point pairs of the distance shorter than d;
q, parameter.

Parameter q indicates us for which density of at-

tractor points the dimension is calculated. When

q ! �1 then Dq characterizes the part of attractor with



Fig. 8. Fractal analysis of temperature fluctuation. (a) Dq di-

mension against the distance between the nucleation sites (Dq

was calculated according to the Grassberger and Procaccia al-

gorithm [11]). (b) A long time memory interval and time in-

terval of bubble growth q ¼ 26:5 kW/m2. The largest Lyapunov

exponent was calculated according to the Wolf algorithm [12].
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low density of points. When q ! þ1 then dimension Dq

characterizes the area of attractor with high density of

points. In Fig. 8a the dimensions D�10, D2, Dþ10 of at-

tractors from temperature fluctuation at one of two

nucleation sites against the distance between the nucle-

ation sites have been presented. The charts of dimen-

sions D�10 and D10 against distance between nucleation

sites indicate how the structure of different parts of at-

tractor changes. A high density part of attractors char-

acterized by dimension D10 is created by temperature

changes marked by ‘‘1’’ in Fig. 6. The low density part of

attractors corresponds to temperature changes marked

in Fig. 6 by number ‘‘2’’ and are characterized by di-

mension D�10. In other words the dimension D�10

characterizes the dynamic of interaction between the

departing bubbles (large scale of temperature changes)

and dimension D10 characterizes the dynamic of direct

heat transfer between the bubbles and heating surface

(small scale of temperature changes). The correlation
dimension D2 characterizes the whole structure of at-

tractors.

When the distance between the nucleation sites is not

too large (S=D < 1:5) the bubbles interact over the

heating surface as well as through horizontal heat

transfer inside the heating surface.

For 0 < S=D < 1:5 the dimension D�10 changes more

rapidly compared with the dimension D10. Because in

this area the different processes of coalescence occur

then we can assume that these processes are responsible

for increase of D�10. The dimension D�10 reaches a

minimum value at S=D � 1:25 when the coalescence

process disappears. The dimension D10 reaches a mini-

mum value at S=D � 1:75, in this case we can assume

that the thermal interaction disappears.

The another important characteristic of attractor is

the largest Lyapunov exponent. In this case on the at-

tractor immersed in D dimensional space two points

have been selected. The distance between these two

points dðtjÞ is at least one orbiting period. After the

passage of some evolution time the distance of the se-

lected points has been calculated again and denoted as

dðtjþ1Þ. The largest Lyapunov exponent has been cal-

culated according to formula:

L ¼ 1

t

Xm
j¼1

log2
dðtjþ1Þ
dðtjÞ

ð3Þ

where m––number of examined points, t––time of evo-

lution.

The largest Lyapunov exponent allows us to calculate

time period ð1=LÞ of long time memory in the system in

which the process of stability loss occurs. The compar-

ison between the value of long time memory calculated

from the largest Lyapunov exponent and the average

time interval of bubble growth has been presented in

Fig. 8b.

The decrease of the largest Lyapunov exponent (for

0 < S=D < 1:5) means that the process becomes more

predictable. It can be interpreted as a result of memo-

rizing the state of one nucleation site by another one. In

this process the information about the state of one nu-

cleation site is transferred to the neighbouring nucle-

ation site through the coalescence process and through

the modification of temperature field of the heating

surface. From this point of view the process of bubbles

generation at close nucleation sites resembles the gen-

eration of large bubbles (created in results of bubbles

coalescence) from a single nucleation area (consisting of

two nucleation sites). The frequency of bubbles depar-

ture from two nucleation sites increases due to coales-

cence process whereas the large bubble creation time is a

multiple of time of bubbles created at nucleation sites.

This time of creation of large bubble (created in results

of bubbles coalescence) is detected in result of analysis

of largest Lyapunov exponent and shown in Fig. 8b.



Fig. 9. Schematic drawing of the model.
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For S=D � 1:5 the coalescence process disappears

and the process of hydrodynamic interaction between

the bubbles begins. This process is caused by liquid flow

induced by departing bubbles. In this region the di-

mensions D�10, D2, Dþ10 increase and the largest

Lyapunov exponent decreases. It seems that the liquid

flow induced by neighbouring bubbles changes the

condition over the nucleation sites and finally it changes

the dynamic of bubble growth. The changes of dynamics

of bubble growth induced by liquid flow can consider-

ably influence on complexity of dynamics of direct heat

transfer between the bubbles and the heating surface. It

happens due to information transfer (through liquid

flow that is induced by bubbles) about the conditions at

nucleation sites. The largest Lyapunov exponent de-

creases (process becomes more predictable) but the fre-

quency of bubbles departure slightly increases. When

S=D approaches about 3 the bubbles become indepen-

dent.
5. Modelling

For identification of mechanism of appearance of

chaotic changes of temperature at nucleation site the

heat transfer in a square element containing a single

nucleation site has been considered. The maximum and

minimum values of temperature divide the time series of

temperature changes into subsequent time intervals. In

the presented model these intervals are equal to each

other. Data presented in Fig. 3 show that this assump-

tion is close to experimental results. For such time in-

tervals we can define the constant average heat flux

absorbed by bubble. The average heat flux can be de-

fined in such a way so that the temperature of heating

surface at the end of each time intervals could reach the

maximum or minimum value of temperature observed in

experiment. The area of heating surface has been divided

into the square elements shown in Fig. 9. The linear

dimension of square elements was similar to average

diameter (3.5 mm) of bubbles departing from a single

nucleation site.

Fig. 9 depicts the element �i’ of heating surface con-

taining the nucleation site. During the boiling process

the heat is transferred to and from element �i’ in the

subsequent time intervals k. The heat flux supplied to the

bottom of element �i’ has been denoted as qkd . The bub-

bles growing on the heating surface absorb the heat from

the element �i’. The heat flux absorbed by bubbles from

the element �i’ has been denoted as qku. It has been as-

sumed that within subsequent time intervals �k’ the val-

ues of qkd and qku are constant. These values can be

treated as average values of qðtÞ in time interval k. It has
been assumed that the value of qkd is constant in time (in

whole simulation) and the value of qku changes in sub-

sequent time intervals. The direction of heat transfer
between the element �i’ and his surrounding elements

depends on the temperature difference between the

temperature of element �i’ and the temperature of sur-

rounding elements.

The heat balance equation in the element �i’ has a

form:

qkd � d � d � Dt � qku T k
i

� �
� d � d � Dt

þ
kd � d1 TL � T k

i

� �
Dt

d
�
kd � d1 T k

i � TR
� �

Dt

d

þ
kd � d1 TB � T k

i

� �
Dt

d
�
kd � d1 T k

i � TF
� �

Dt

d
¼ d � d � d1 � q � c � T kþ1

i

�
� T k

i

�
ð4Þ

where T k
i is an average temperature of element �i’,

qku T k
i

� �
� d � d � Dt is a heat transferred from element �i’ to

liquid in time interval Dt, qkd � d � d � Dt is a heat trans-

ferred from the heating surface to the element �i’ in time

interval Dt and d � d � d1 � q � c � T kþ1
i � T k

i

� �
is the in-

crease of energy of element �i’.
After transformations of Eq. (4) it has been obtained:

T kþ1
i ¼ T k

i þ 1

A
qkd

d
d1

d
k

�
� qku T k

i

� � d
d1

d
k
� 4T k

i þ TL

þ TR þ TB þ TF

�
ð5Þ

where A ¼ d2 �q�c
kDt ¼ 1

Fo.

The function (5) allows us to calculate the heat flux

absorbed by bubbles when the temperature T kþ1
i is a

known function of T k
i . After the transformation of Eq.

(5) it has been obtained:

qku T k
i

� �
¼ k

d
qkd

d
d1

d
k

�
� 4T k

i þ TL þ TR þ TB þ TF

þ A � T k
i � A � T kþ1

i

�
d
d1

�
ð6Þ

When qkd is constant in time and qku is a linear function of

T k
i in two subsequent time intervals then the function

T kþ1
i ¼ f ðT k

i Þ (Eq. 5) can be written in the form:
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T kþ1
i ¼ a1T k

i þ b1 for T k
i < Tc

a2T k
i þ b2 for T k

i P Tc

�
ð7Þ

where Tc is a crossing point of lines described by Eq. (7).

The function (7) consists of two crossing lines. The

behavior of such system described by set of Eq. (7) for

ja1j > 1 can become chaotic [13]. In the paper [13] it has

been shown that when the heat transfer to thin layer of

heating surface is enough large then the initial fluctua-

tion of temperature disappear and the temperature sta-

bilizes. But when the heat transfer to thin layer of

heating surface is less than heat absorbed by bubbles

then the initial fluctuation of temperature is amplified

and deterministic chaos appears.

The values of coefficients a and b have been taken is

such a way that subsequent iterations of temperature T k
i

described by equation (7) are close to experimental data.

In Fig. 10a it has been shown the comparison of ex-

perimental data and subsequent iterations of Eq. (7).
Fig. 10. Changes of T kþ1
i and T k

i . (a) function of T kþ1
i ðT k

i Þ––
according to the Eq. (5), (b) function of qkuðT k

i Þ––according to

the Eq. (3), Calculation has been made for: a1 ¼ 0:7, a2 ¼ �2,

b1 ¼ 114:32, b2 ¼ 1136:95, Tc ¼ 378:75 K, TL ¼ TR ¼ TF ¼
TB ¼ 378 K and k ¼ 148:4 W/mK (silicon), d ¼ 0:0035 m,

d1 ¼ 0:0002 m, Fo ¼ 1=8, qkd ¼ 30 kW/m2.
Fig. 10b shows the function of qku against T
k
i . The value

of Fo ¼ 1=8 used in calculation corresponds to

Dt � 0:017 s. The time period of single bubble growth is

equal to 2Dt. In this case the frequency of bubbles de-

parture is equal to 30 Hz and is close to frequency of

single bubble departure obtained in the experiment [18].

The temperature Tc in Eq. (7) may be treated as the

temperature which divides the bubble growth into two

phases: a rapid growth of a bubble and departure phase

which is shown in Fig. 10b.

From theoretical point of view the Eq. (7) may be

replaced by another function, for example quadratic

function of T k . This problem was discussed in details in

the paper [13]. The obtained result can be considered in

the following way: the nonlinearity introduced to heat

transfer process by changing in time the heat flux ab-

sorbed by bubbles leads to chaotic changes of heating

surface temperature at nucleation site.

The presented model can be also used to simulate the

behavior of bubbles interaction through the horizontal

heat transfer between neighbouring nucleation sites. For

this purpose the area consisting of 25 squares has been

analysed. On such a surface two nucleation sites have

been located. The simulation has been made for the

square silicon heating surface of side of square equal to

3.5 mm and thickness equal to 0.2 mm.

The correlation between two time series of tempera-

ture changes at nucleation sites can be estimated by

using the correlation coefficient calculated according to

the following formula [17]:

Ci;j ¼
CovðTi; TjÞ

rTirTj

ð8Þ

The result of calculation of correlation coefficient of

two time series of temperature at neighbouring nucle-

ation sites has been shown in Fig. 11.

At the beginning of the simulation the initial condi-

tions in both nucleation sites are the same. It causes that

at the beginning of the simulation the both temperature

time series are the same. After some time two tempera-

ture time series start to differ. When the distance be-

tween the nucleation sites becomes smaller then the time,

in which the difference between two time series appears,

becomes shorter. In this case the correlation coefficient

decreases, it happens because nucleation sites interact

through horizontal heat transfer. For S=D > 2 the

thermal interaction between the nucleation sites disap-

pears. In this case the time period, after which the dif-

ference between two time series occurs, increases. This

effect of disappearance of thermal interaction between

nucleation sites for S=D � 2 has been also observed in

the experiment.

The obtained results can be considered in the fol-

lowing way: the thermal interaction of chaotic nucle-

ation sites leads to independency of the nucleation sites.



Fig. 11. The correlation coefficient for time series of the tem-

perature under the neighbouring nucleation sites. Calculation

has been made for: a1 ¼ 0:7, a2 ¼ �2, b1 ¼ 114:32, b2 ¼
1136:95, Tc ¼ 378:75 K, k¼ 148:4 W/mK (silicon), d¼ 0:0035 m,

d1 ¼ 0:0002 m, Fo ¼ 1=8, qkd ¼ 60 kW/m2.
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Other words we can say that the interacting chaotic

nucleation sites cannot synchronize in a result of hori-

zontal heat transfer inside the heating surface.

If we assume that there are many nucleation sites on

the heating surface the model can be used to simulate the

process of boiling on the flat and horizontal heating
Fig. 12. Boiling modelling. (a) Schematic drawing of heating

surface with many potential nucleation sites. (b) The changes of

location of bubbles over 25 potential nucleation sites. The

bubbles are denoted by black squares. The numbers under the

pictures indicate the numbers of iterations. q ¼ 60; 000 kW/m2.
surface. Fig. 12 illustrates the changes of location of

bubbles over 25 potential nucleation sites. The bubbles

are denoted by black squares. The numbers indicate the

numbers of iterations (numbers of cycles of bubble de-

partures). At the beginning of simulation all the bubbles

are in nucleation sites but after about 100 iterations the

locations of bubbles due to thermal interaction become

chaotic.

The chaotic appearance of the bubbles at the nucle-

ation sites after some iteration takes place because the

thermal interaction between the nucleation sites occur-

ring inside the heating surface leads to independency of

nucleation sites. Nonlinear analysis carried out in the

previous chapter suggests that the synchronization of

nucleation sites can appear in a result of hydrodynamic

interaction which can lead to forming the vapour film on

the heating surface. This mechanism is not included in

the model.
6. Conclusions

Analysis of temperature fluctuation under the single

nucleation site has shown the deterministic chaos nature

of this fluctuation. The simple model of heat transfer

between the bubbles and heating surface, presented in

the paper, explains the mechanism of chaos generation

in boiling. It has been found that this mechanism is

connected with nonlinearity introduced to heat transfer

process by changing in time the heat flux absorbed by

bubbles.

The analyses of behavior of nucleation sites inter-

action allow us to conclude that the effect of interaction

(information transfer) between nucleation sites through

the liquid (coalescence and hydrodynamic interaction)

promotes the growing bubble to depart. It happens for

S=D � 0:5 and 2.5. Nonlinear analysis shows that in

this case the system becomes more predictable. When

the nucleation sites become independent then the fre-

quency of bubble departure decreases. Simulation of

thermal interaction between the nucleation sites shows

that this kind of interaction of chaotic nucleation sites

leads to getting independency of the nucleation sites.

Finally the frequency of bubble departure decreases and

system becomes less predictable. It happens for S=D �
1:75.

We can conclude that the nonlinear analyses carried

out in the paper allow us to distinguish two mecha-

nisms of interaction between neighbouring nucleation

sites: hydrodynamic one occurring over the heating

surface and thermal one occurring inside the heating

surface. Generally we can say that interaction between

the nucleation sites through the liquid stabilizes the

process of bubble growth and departure. The thermal

interaction destabilizes the process of bubble growth

and departure.
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